Abstract. The controllability of matrix pa'irs (A, K) is studied when K is positive semi-definite, and in particular when K is in the range of the Lyapunov map determined by A This extends previous work of Chen, Wimmer, Carlson and Loewy, and Coppel.
Introduction. This note is devoted to the study of the controllability of (A, K) ,
where A E en,n, K E Hn (the set of hermitian matrices in en,n), and K is positive semidefinite (which we shall write as K ~ 0). A well-known result, proved independently by Chen [5] and Wimmer [11] , states: THEOREM 1. Let A E en,n, and suppose that K = AH + HA * ~ 0 for some H,
K E Hn. If (A, K) is controllable, then A has no eigenvalues on the imaginary axis and His nonsingular (and, in fact, the numbers of eigenvalues of A with positive and negative real parts equal respectively the numbers of positive and negative eigenvalues of H).
Using Theorem 1, Wimmer extended previous results in the damping of certain quadratic differential equations involved in linear vibration problems.
An example [3, p. 240 
The question thus arose as to the role of the additional hypothesis of Theorem 2 in a more complete converse of Theorem 1. We answer this question by proving a result (Theorem 4) which will yield, under K = AH + HA * ~ 0, a condition equivalent to the controllability of (A, K) in terms of the spectrum of A and the non singularity of a matrix Ii determined by A and H The matrix Ii is obtained from H via projections associated with an A -modal decomposition of en; see § 2 for definitions. Our proof of this result will use Theorem 1 and a result in [3] preliminary to Theorem 2; the result itself contains Theorem 2 as a special case.
As a consequence of Theorem 4 we will be able to discuss special cases (like that in Theorem 2) in which Ii may be replaced by H, that is, for which (i) and (ii) above are equivalent, This clarifies (see also [7] ) Coppel's discussion in [6] of the relationship between dichotomies for linear differential equations and Lyapunov functions in the constant-coefficient case. Coppers work, along with that of Chen, Wimmer, and Carlson and Loewy, has motivated our investigations.
Definitions.
So that our decompositions depend only on the spaces involved and nQt particular choices of bases for the spaces, we will set our results in an equivalent but seemingly more abstract setting. Let V be a finite-dimensional inner product space, and let L( V), H( V) be respectively the sets of linear operators and self-adjoint linear operators on V.
Let 
The pair (1) so that (2) and for K E H( V), we set (
(iv) (x, Kx) > ° for every eigenvector x of A *.
Proof. The equivalence of (i), (ii), and (iii) follows immediately from (5) and Lemma 1. The equivalence of (i) and (iv) The equivalence of (i) and (iv) was noted in [3] (under the unnecessary assumption that IlA,e 0); it is in fact merely a rephrasing of Hautus' criterion for controllability (cf. [11] ) in the case that K ~ 0. We cannot drop the condition K ~ ° from either Lemma 1 or Theorem 3: let V = C 2 = VI EEl V 2 , where Vb V 2 are the coordinate subspaces, and let
In Theorem 3 we considered the controllability of pairs (A, K) where the only restriction on K is K ~ 0. We shall now assume that K = AH + HA * ~ 0, where Proof. We note first that c5(A) = ° guarantees that there exists an A-modal
The equivalence of (i) and (ii) follows immediately from Lemma 2.
To show that (i) and (iii) are equivalent, note that for any x E V for which A * x = Ax,
and use condition (iv) from Theorem 3. To show that (iii) and (iv) are equivalent, we
Hence [7] .
